We present a general discussion of the techniques of destabilizing dark states in laser-driven atoms with either a magnetic field or modulated laser polarization. We show that the photon-scattering rate is maximized at a particular evolution rate of the dark state. We also find that the atomic-resonance curve is significantly broadened when the evolution rate is far from this optimum value. These results are illustrated with detailed examples of destabilizing dark states in some commonly trapped ions and supported by insights derived from numerical calculations and simple theoretical models.
I. INTRODUCTION
Under certain conditions, a laser-driven atom will optically pump into a dark state, in which the atom cannot fluoresce because the coupling to every excited state vanishes ͓1,2͔. When the dark state is an angular momentum eigenstate, this phenomenon is called optical pumping. In the more general case in which the dark state is a coherent superposition of angular momentum eigenstates and the matrix elements vanish through quantum interference, it is usually called ''coherent population trapping'' ͓3͔. Dark states are the basis of the stimulated Raman adiabatic passage ͑STIRAP͒ ͓4͔ method for adiabatic manipulation of atomic states and the velocity-selective coherent population trapping ͑VSCPT͒ ͓5͔ subrecoil laser-cooling scheme, and they are closely related to the quantum-interference-based mechanism of lasing without inversion ͓6͔. However, sometimes population trapping in dark states is detrimental rather than beneficial, such as when fluorescence is used to determine the state of an atom ͓7͔ or when atoms are laser cooled by scattering photons ͓8,9͔. Trapped ions illustrate this point very well, because their superb isolation from external perturbations can make the lifetime of coherent dark states extremely long. In such systems, laser-cooling rates will be drastically reduced when the atom pumps into a dark state. One also finds that the laser-cooling transition can be significantly broadened when there is significant accumulation of population in dark states, thereby reducing the cooling rate. Although some methods for restoring atomic fluorescence have been briefly discussed in the context of specific atoms, a general prescription for destabilizing dark states does not seem to exist. The aim of this paper is to provide this information, supported by insights derived from numerical calculations and simple theoretical models.
The paper is laid out as follows. In Sec. II, we review the physics of dark states ͓10,11͔. In Sec. III, we discuss in general terms some methods of destabilizing dark states. These techniques involve either splitting the atomic energy levels ͑most commonly with a magnetic field ͓12,13͔͒, or modulating the laser polarization ͓14 -16͔. In Sec. IV, we consider the application of these methods to the level systems encountered in some commonly trapped ions. There we solve the equations of motion for the atomic density matrix to find the excited-state population as a function of the various experimental parameters. We also discuss destabilizing dark states in generic two-level atoms. We conclude in Sec. V with a brief discussion of the implications of these calculations and a summary of the general prescription for destabilizing dark states.
II. DARK STATES
We will mostly consider a two-level atom in which the total angular momenta of the lower and upper levels are J i and J f , respectively, with corresponding magnetic quantum numbers m i and m f . In many cases of interest, the atomic levels are further split by the hyperfine interaction, which introduces the possibility of optical pumping into other lower-state hyperfine levels. We will address this complication briefly in Sec. IV C. Since we will be primarily interested in scattering photons at a high rate, we consider only electric dipole transitions.
The atom is driven by a laser field
E͑t ͒ϭ 1 2 E͑t ͒e Ϫi L t ϩc.c.,
͑2.1͒
where c.c. denotes the complex conjugate and L is the laser frequency. It is convenient to expand the slowly varying amplitude E(t) in terms of its irreducible spherical components. These are related to the Cartesian components by ͓17,18͔
E Ϯ1 ϭϯ 1 izations͒ drive pure ⌬mϭϪ1, 0, and ϩ1 transitions, respectively. In the the rotating-wave-interaction picture ͓11͔, the electric-dipole-interaction operator Ϫer•E(t) is then
where C q (1) ϵͱ4Y 1q are the components of the reduced spherical harmonic of rank 1. The nonzero matrix elements of this operator are given by the Wigner-Eckart theorem as
͑2.9c͒
Table I summarizes the conditions under which Zeemandegenerate systems can have dark states. It shows that there is always at least one dark state if J f ϭJ i Ϫ1, or if J f ϭJ i and J f is an integer. These are the cases that we address in this paper. The dark states for the simplest of these systems, found by solving Eq. ͑2.7͒, are listed in Table II .
III. DESTABILIZING DARK STATES: GENERAL PRINCIPLES
To decrease population accumulation in dark states by making them time dependent, one can either shift the energies m i of the states ͉m i ͘ by unequal amounts with an external field, or modulate the polarization of the laser field E(t). The general instantaneous dark state ͑2.6͒ then evolves in time as
where we have made explicit the dependence of the darkstate components c m i on the laser field ͑Table II͒. The application of a magnetic field is probably the simplest and most widely used method of destabilizing dark states. But there are systems ͑for example, trapped-ion frequency standards ͓19,20͔͒ in which external fields cannot be tolerated. In these cases, the laser field must be modulated instead.
We will evaluate the effectiveness of a destabilization technique by calculating the excited-state population ͑pro-portional, of course, to the fluorescence rate͒ as a function of experimental parameters. This is done computing the evolution of the atomic density matrix using the Liouville equation of motion
where H includes both the rotating wave interaction picture Hamiltonian for the coupling to the laser ͓11͔ and the Zeeman interaction with the external magnetic field. The last term in Eq. ͑3.2͒ accounts for the spontaneous decay of the excited states and its effect on the ground states, including the decay of coherences between the excited states into coherences between ground states ͓21͔, in which (t)ϭ(tϩT). In these cases, we compute the excited state population by averaging the quasi-steady-state solution over a modulation period. At this point, the main result of this paper can already be summarized qualitatively. There are always three relevant time scales in the problem, with three corresponding frequencies: the excited-state decay rate ␥, the resonant Rabi frequency ⍀, and the laser-polarization modulation frequency or energy-level shift ␦. The parameter ␦ characterizes the evolution rate of the dark state ͑3.1͒ ͓if necessary, the exact time evolution of the dark state can be found by substituting the shifted energies or the time-dependent laser field and the appropriate dark state from Table II into Eq. ͑3.1͔͒. We find from our simulations that the evolution rate that maximizes the excited-state population is ␦ϳ⍀/2. The excited-state population is never large when ⍀ and ␦ are significantly different: it is small if ⍀ is too large because then the strongly driven atom is able to follow the evolving dark state adiabatically, and also if ␦ is too large because then the atom and the laser become detuned. We find also that the transition line shape is broadened in both of these limits (⍀/␦ӷ1 and ⍀/␦Ӷ1). This can be a practical concern when laser cooling an ion, because the Doppler-limited temperature of a Doppler-cooled atom is proportional to the resonance width ͓23͔. The ultimate temperature of the ion can, therefore, be substantially increased if ␦ is not optimum, both because the scattering rate is decreased and also because the width of the transition is increased. Fortunately, the conditions that maximize the excited-state population also minimize the transition linewidth, and we find that making both ⍀ and ␦ about a fifth of the decay rate ␥ leads to appreciable excited-state population without significantly broadening the transition.
IV. DESTABILIZING DARK STATES IN SPECIFIC ATOMIC SYSTEMS
We now consider the application of the techniques discussed above to some commonly used atomic systems. We begin in Sec. IV A with the J i ϭ1↔J f ϭ0 system, which illustrates the basic properties of the destabilization methods in two-level systems. Then, in Sec. IV B, we discuss the bichromatic ⌳ system of J i1 ϭ
2 . This complex system illustrates several important consequences of dark states for some commonly trapped ions. Finally, in Sec. IV C we generalize these results to two-level systems with higher values of the total angular momentum ͑the specific case of the Jϭ5↔Jϭ5 system has already been discussed elsewhere by one of us ͓24͔͒.
When a magnetic field B is applied to the atom, we will choose the quantization axis to be parallel to B, and we will assume that the laser light is linearly polarized at an angle BE to B. This choice of polarization makes the calculations somewhat simpler, and it is generally more straightforward to implement in the laboratory than solutions using circularly or elliptically polarized light. Also, if a transition has a dark state, we find that driving it with circularly or elliptically polarized light does not significantly change the optimum efficiency of the techniques discussed here. We will measure the strength of the magnetic field in terms of the Zeemanshift frequency ␦ B ϭ B ͉B͉/ប, where B is the Bohr magneton. The detuning of the laser frequency L from the unperturbed atomic-resonance frequency 0 is ⌬ϭ L Ϫ 0 , and the total decay rate of the excited level is ␥. Finally, we will usually assume that laser linewidths are negligible compared to the relevant decay rates.
The simple 2 S 1 ↔ 2 P 0 , J i ϭ1↔J f ϭ0 transition is well suited to discussing in detail, the main methods of destabilizing dark states. Also, the closely related nuclear spin I ϭ Yb ϩ ͓25-28͔ (F denotes as usual the total angular momentum in atoms with nonzero nuclear spin͒. Decays to the F i ϭ0 state in these systems are infrequent, occurring only through offresonance excitation of the F f ϭ1 level. The atom can be pumped out of the F i ϭ0 state by a microwave field driving the ͉F i ϭ0,m i ϭ0͘↔͉F i ϭ1,m i ϭ0͘ transition ͓25,26͔, or by a laser field driving a ͉F i ϭ0, m i ϭ0͘↔͉F f ϭ1͘ transition ͓16͔. As long as this pumping mostly keeps the population within the F i ϭ1 and F f ϭ0 levels, the results for these real systems are nearly identical to those for the Iϭ0, 2 S 1 ↔ 2 P 0 transition we discuss here.
The next two sections discuss destabilizing dark states in this system, first with a magnetic field, and then with polarization modulation.
Destabilization with a magnetic field
The steady-state solution of Eq. ͑3.2͒ for the J i ϭ1↔J f ϭ0 system in a magnetic field can be found analytically. The resulting expression for the excited-state population is
and ⍀ is the rms Rabi frequency defined in Eq. ͑2.5͒. In our normalized units, the Zeeman shifts of the m i ϭϮ1 ground states are Ϯ2␦ B , respectively, so the dark-state evolution rate is ␦ϭ2␦ B .
Figure 1 is a graph of the excited-state population P f as a function of magnetic field strength and polarization angle for a convenient value of Rabi frequency. It shows that there is both an optimum magnetic-field strength and an optimum polarization angle for the laser field. P f vanishes when BE ϭ0°or 90°because the atom then optically pumps into the m i ϭϮ1 states or the m i ϭ0 state, respectively. One finds from Eq. ͑4.1͒ that the excited-state population is maximized for a given Rabi frequency by choosing the magnetic-field strength so that ␦ B ϭ⍀/4 and the laser-polarization angle so that BE ϭarccos(1/ͱ3) ͑the angle that makes the three transition Rabi frequencies equal͒. Figure 2͑a͒ shows P f as a function of Rabi frequency and magnetic field for this optimum angle. The excited-state population is, as expected, small in both the low-intensity regime ⍀Ͻ␥ and in the large-detuning regime ␦ B Ͼ␥. However, it is also small even at high intensity (⍀Ͼ␥) if ␦ B Ӷ⍀. Our simulations show that this occurs because under these conditions the atom adiabatically follows the evolving instantaneous dark state.
On the other hand, near the optimum condition ␦ B ϭ⍀/4 the dark state evolves quickly enough that the atom never entirely pumps into it, and so the excited-state population can be substantial.
In many applications the linewidth of the transition is also an important quantity. Figure 2͑b͒ shows the dependence of the resonance width ␥Ј on the Rabi frequency and the magnetic field. We see that the linewidth is large when ␦ B Ͼ␥ because of Zeeman broadening, when ⍀Ͼ␥ because of ordinary power broadening ͓the second term in Eq. ͑4.2͔͒, and also when ␦ B Ӷ⍀, a less obvious regime that will be discussed below. Figures 2͑a͒ and 2͑b͒ illustrate the useful result ͓easily obtained from Eqs. ͑4.1͒ and ͑4.2͔͒ that maximizing the excited-state population for a particular Rabi frequency also minimizes the resonance linewidth. These plots show that the choice ⍀ϳ␥/3 gives substantial excitedstate population without significantly increasing the linewidth. If the linewidth is not important, then the laser intensity can be chosen to saturate the transition (⍀ӷ␥) and the magnetic field strength then adjusted so that ␦ B ϭ⍀/4.
The broadening of the resonance when ␦ B Ӷ⍀ is apparent in Eq. ͑4.2͒, which contains the terms
The term proportional to ␦ B 2 is simple Zeeman broadening, but the term proportional to 1/␦ B 2 does not have an obvious physical interpretation. We find that such a broadening term is present whenever the atom contains a ⌳ system, regardless of the method of destabilizing the dark state. To understand this behavior in simple physical terms, consider Fig. 3͑a͒ , which shows a generic ⌳ system in which the laser field drives only one arm of the system, with Rabi frequency ⍀. ͉i͘ and ͉d͘ represent light and dark ground states, respectively. The excited state decays to the two ground states with
tion as a function of normalized magnetic field ␦ B /␥ and laserpolarization angle BE . The rms Rabi frequency ⍀ϭ(ͱ3/5)␥ and the laser detuning ⌬ϭ0.
FIG. 2. ͑a͒
Excited-state population, and ͑b͒ resonance width ͑in units of ␥) as a function of normalized magnetic field and normalized rms Rabi frequency for the J i ϭ1↔J f ϭ0 transition with BE ϭarccos1/ͱ3 and ⌬ϭ0.
branching ratio (1Ϫ␣):␣. All of the systems discussed in this paper can be described similarly ͑although with higher multiplicity of states͒ after a change in basis states. For example, in the J i ϭ1↔J f ϭ0 transition driven by -polarized light, ͉d͘ corresponds to either the m i ϭ1 or m i ϭϪ1 state, ͉i͘ corresponds to the m i ϭ0 ground state, and ͉ f ͘ corresponds to the excited state. For simplicity, in this generic case, the coupling between the light and dark ground states is represented by an incoherent rate R, rather than the coherent magnetic field. When the steady-state density-matrix equations are solved for this system, the population of the excited state ͉ f ͘ is found to be
where ⌬ i f is the detuning of the laser frequency from resonance with the atomic transition. The term 1 8 ␣␥⍀ i f 2 /R is analogous to the broadening term ⍀ 4 /16␦ B 2 in Eq. ͑4.2͒. In both cases the linewidth becomes large as the dark ground state is coupled less strongly to the light ground state.
For trapped ions this behavior has a simple physical explanation in terms of quantum jumps. Suppose that ␣Ӷ1, so most of the decays are to state ͉i͘, and also that the pump rate R out of the dark state ͉d͘ is very small. Then, as long as the atom is not in state ͉d͘, it behaves like a two-level atom and we can use the well-known results for this system. It follows that, on average, an atom initially in state ͉i͘ will for a time ⌬tϭ(1Ϫ␣)/␣(
/␣ photons before decaying into state ͉d͘. The atom will then not fluoresce for an average time 1/R, so that on average the number of fluorescent photons emitted per unit time is
͑4.5͒
which agrees with the average photon-emission rate ␥ P f ϳR/␣ obtained from Eq. ͑4.4͒ in the limit of small R. Now the source of the broadening can be seen: if RӶ␣⍀ i f 2 /␥ and ⌬ i f Շ␥, then the time during which the atom scatters photons is very short compared to the time that it spends not fluorescing at all. The average rate of photon scattering is, therefore, very small and does not change much with detuning until ⌬ i f becomes much larger than ␥, because then the time it takes to pump into the dark state is no longer less than the time the atom spends in the dark state. When only the average photon-scattering rate is measured, the line shape as a function of laser frequency is, therefore, very broad. We will also consider below in Sec. IV B 1, an explanation of the broad line shape at low incoherent pump rates in terms of rate equations ͓12͔.
Destabilization with polarization modulation
We turn now to the second category of techniques for destabilizing dark states, modulating the polarization state of the laser field. In order to destabilize dark states in a J i ϭ1↔J f ϭ0 system in zero magnetic field, the three spherical components of the field E Ϫ1 , E 0 , and E ϩ1 must be nonzero and they must have linearly independent time dependences because otherwise Eq. ͑2.8͒ will have a nontrivial solution. Physically this is because only one excited state is coupled to three ground states, forming two conjoined ⌳ systems that must be independently destabilized. Imposing different time dependences on all three polarization components requires two noncollinear laser beams ͓16͔. This makes the J i ϭ1↔J f ϭ0 system experimentally more complicated than every other two-level system, since Table II shows that their dark states can still be destabilized if one polarization component is zero and the other two have different time dependences, which requires but a single laser beam.
One obvious way of producing a suitable polarization modulation is giving the three polarization components different frequencies. This can be done, for example, by passing three linearly polarized beams through separate acoustooptic modulators ͑AOM's͒, followed by appropriately oriented waveplates. If right-and left-handed circularly polarized light are separately shifted and copropagate along the quantization axis, while a second beam is polarized along the quantization axis, the resulting field can be written as
where ␦ AOMϩ and ␦ AOMϪ are the relative frequency shifts due to the AOM's, and E ϩ, E Ϫ, and E are the amplitudes of the three laser fields. haps the simplest technique to destabilize dark states in this system, because AOM's are simple, inexpensive devices.
An alternative technique for continuously altering the polarization state of the field is modulating, with different phases, the amplitudes of the polarization components of the field. In atomic beam experiments, this can be done by sending the atoms through two or more laser-atom interaction regions of different laser polarization ͓14͔. With trapped ions, it has been demonstrated in several systems by smoothly varying the intensity ratios or relative phases of the polarization components of the light driving the stationary atoms ͓15,16͔. For example ͓16͔, overlapping at right angles a -polarized laser beam with a second beam that has passed through a photoelastic modulator ͑PEM͒ in which the fast axis is compressed while the slow axis is expanded produces the field
͑4.7͒
where
⌽ is the phase modulation amplitude, and ␦ PEM is the modulation rate of the PEM indices of refraction. As above, we have defined the quantization axis to be parallel to the propagation direction of the modulated beam. If ⌽у, then the polarization of the modulated beam continuously cycles between linear and right-or left-hand circular polarizations. When ⌽Ͼ, Fourier analysis of the modulated field reveals a flat spectrum of harmonics of ␦ PEM up to a maximum harmonic number of ϳ2⌽/, so that the effective dark-state evolution rate in this high-modulation-index regime is ␦ ϳ⌽␦ PEM . In this case, the system never reaches a steady state. This can be seen in Fig. 4 , which shows the numerically calculated populations of each level of the J i ϭ1↔J f ϭ0 system as a function of time when the field is modulated as in Eqs. ͑4.7͒ and ͑4.8͒. The field has been applied for a time of about 1000/␥, sufficient in this case to reach the quasi-steady state in which the atomic state evolution is periodic. The settling time depends on the initial state of the atom, on the laser intensity, and on the modulation rate. The time evolution of the state populations seen in Fig. 4 displays oscillations at the harmonics of ␦ PEM imposed on the field by the modulation. Figure 5 shows the numerically calculated population P f of the excited state ͑averaged over time 2/␦ PEM in the quasi-steady-state regime͒ as a function of ␦ PEM /␥ and the phase modulation amplitude ⌽. The Rabi frequencies and detunings are the same as for Fig. 1 , in which the dark states were destabilized with a magnetic field. A comparison of the two graphs shows that the two techniques can be similarly efficient at destabilizing dark states. Figure 5 shows that the optimum modulation frequency is ␦ PEM ϳ0.1␥ for small modulation amplitudes ⌽Շ, moving to lower values as ⌽ increases above and the amplitude of the sidebands increases. The excited-state population is small when ⌽␦ PEM Ӷ⍀, because the atom then adiabatically follows the slowly evolving dark state. It is also small when ⌽␦ PEM ӷ␥ because then much of the power of the modulated field is at frequencies that are far from resonance.
In many experimental situations it may not be possible to propagate the modulated and static linearly polarized beams at right angles ͓16͔. We have, therefore, repeated the calculation of Fig components of the field is no longer completely orthogonal, and so the excited-state population is reduced for all modulation frequencies, in this case by about a factor of three. However, the modulation frequency at which the excitedstate population is maximized does not change appreciably, nor does the frequency bandwidth of the atomic response to the modulation.
In correspondence with the magnetic field case discussed in the previous section, we find from our simulations that the linewidth is large when the laser intensity is high (⍀Ͼ␥), when the modulation significantly broadens the laserfrequency spectrum (⌽␦ PEM Ͼ␥) and when the evolution rate of the dark state is low (⌽␦ PEM Ӷ⍀).
Finally, we remark that although this second polarization modulation scheme may not be the best approach for the J i ϭ1↔J f ϭ0 system because it needs a relatively expensive PEM, a variation of it is probably the most appealing method for destabilizing dark states in every other two-level system in zero magnetic field. In these systems, it is sufficient to use a field having only two polarization components with different time dependences. This can be accomplished very simply by passing a single beam through an electro-optic modulator ͑EOM͒, as we will discuss in the next section. In the following sections, we discuss methods for destabilizing this dark state. As above, we consider first destabilizion with a magnetic field, followed by a discussion of the polarization-modulation technique. We will also show how coherent population trapping in dark states affects the line shape of the cooling transition.
Convenient analytic solutions of the equation of motion for the density-matrix in this complex system are not possible, and so all results presented for the 2 S 1/2 ↔ 2 P 1/2 ↔ 2 D 3/2 system are based on numerical solutions.
Destabilization with a magnetic field
When a magnetic field is applied to destabilize dark states in this eightstate system, the transition line shapes develop rich structure. This can be seen in Fig. 7 , which shows the cooling-transition line shape for different values of magnetic-field strength, laser-polarization angle, and repumping-laser intensity. The structure seen around ⌬ SP ϭϩ␥/2 in each graph in the figure is due to coherent population trapping in superpositions of 2 S 1/2 and 2 D 3/2 states. These dark resonances have already been studied in several experiments with trapped ions ͓12,40͔. Figure 7 shows that the cooling-transition line shape is sensitive to the magnetic field, to the polarization angle, and to the intensity of the repumping laser. In cases where the evolution rate of the dark state is low, either because the magnetic field is small ͑curve E) or the polarization angle is small ͑curve D), the resonance is broadened, for the reasons discussed above in Sec. IV A 1. If the repumping-laser intensity is high ͑curve C), then the dark resonances are power broadened and the 2 S 1/2 ↔ 2 P 1/2 transition displays a substan- tial ac Stark shift. On the other hand, when the repumpinglaser intensity is low ͑curve B), the resonance is again broadened.
The broadening seen in curve B is closely related to the broadening already encountered in Sec. IV A 1 in the regime where the dark state evolves too slowly. Its origin can be understood here most simply in terms of rate equations ͓12͔. Figure 3͑b͒ shows a simplified version of the system, in which two lasers drive a simple ⌳ system in which the excited state ͉ f ͘ decays to the ground states ͉i͘ and ͉d͘ with branching ratio (1Ϫ␣):␣. The ͉i͘↔͉ f ͘ transition has excitation rate R if and the ͉d͘↔͉ f ͘ transition has rate R df . The steady-state rate equations for this system are easily solved to give the following expression for the excited state population P f :
When the rate on the ͉d͘↔͉ f ͘ transition is low, the last term in this equation dominates, so that the excited-state population is insensitive to changes in the rate of the ͉i͘↔͉ f ͘ transition, which in turn means that this transition is broadened. Physically, the insensitivity arises because under these conditions most of the population in the system is in state ͉d͘.
Increasing the rate on the ͉i͘↔͉ f ͘ transition then has only a very small effect on the excited-state population, because almost all of the population removed from state ͉i͘ ends up in state ͉d͘. There is an obvious connection here to the picture for the broadening given above in terms of quantum jumps. It follows from Eq. ͑4.9͒ that to avoid broadening the cooling transition, the transition rates must be such that ␣(1Ϫ␣)R d ϾR i . In terms of the Rabi frequencies for the 2 S 1/2 ↔ 2 P 1/2 ↔ 2 D 3/2 system, this condition becomes ⍀ DP 2 Ͼ␣⍀ SP 2 in the limit ␣Ӷ1. Another constraint on the intensities arises from the need to avoid excessive powerbroadening of the dark resonances by the repumping laser, which translates into the restriction ⍀ DP Ͻ␥/2.
While the structure seen in Fig. 7 makes it difficult to produce meaningful graphs of the linewidth ͓as in Fig. 2͑b͔͒ , it is still straightforward to plot the excited-state population as a function of the polarization angle BE and magnetic field strength ͑Fig. 8͒. The laser frequencies and intensities used here have been chosen to keep the dark resonances on the blue side of the laser-cooling transition and to avoid power broadening. The graph is similar to the J i ϭ1↔J f ϭ0 case ͑Fig. 1͒, with two important differences. First, the peak is broader in both angle and in magnetic-field strength. The reduced sensitivity to the magnetic field arises because this system does not pump into dark states as quickly as the J i ϭ1↔J f ϭ0 system, since most excited state decays are to the 2 S 1/2 states and the repumping laser is detuned from resonance. It follows that the system can tolerate slower dark-state evolution rates without adversely affecting the excited-state population. The second difference is the set of narrow vertical dips, which are due to coherent population trapping in dark states. These dips can be seen more clearly in the thin curve in Fig. 9 , which shows the excited-state population as a function of the magnetic field for the same conditions as those of Fig. 8 
system as a function of magnetic-field strength and of the angle between the magnetic field and the polarization vectors of the two laser fields. The rms Rabi frequencies are ⍀ SP ϭ⍀ DP ϭ(ͱ2/5)␥, and the detunings are ⌬ DP ϭϩ␥/2 and ⌬ SP ϭ0. The narrow vertical features are dips due to dark resonances ͑see also the thin curve in Fig. 9͒ We conclude this section with a discussion of the optimum parameter values for destabilizing dark states with a magnetic field without excessively broadening the transition. The intensity of the cooling laser should be set to drive the cooling transition as hard as possible without power broadening it, which will be the case if ⍀ SP ϳ␥/3. Setting the repumping-laser intensity so that ⍀ DP ϳ␥/3, will make the repumping efficient without excessively power broadening the overall transition or the dark resonances. Since the branching ratio ␣Ӷ1, this choice also avoids excess broadening of the cooling transition from the mechanism discussed after Eq. ͑4.9͒. The detuning of the repumping laser used in Fig. 7 , ⌬ DP ϭϩ␥/2, was chosen because it ensures that the laser still drives the repumping transition efficiently while keeping the dark resonances far from the red side of the cooling transition, where the cooling laser is tuned during Doppler cooling. The magnetic field strength should be chosen so that 0.01␥Ͻ␦ B Ͻ0.1␥ ͑the upper limit is less than the value of ␥ implied by Fig. 8 because we also wish to confine the dark resonances to a region of width Ͻ␥ to keep them all on the red side of the resonance.͒ Finally, although we have performed the calculations for light which is linearly polarized perpendicular to the magnetic field, Fig. 8 shows that any polarization angle greater than 15°works well. In fact, our simulations show that the resonance curve is not changed significantly even if the laser polarizations are perpendicular to each other or if the repumping laser is circularly polarized.
Destabilization with polarization modulation
We now consider destabilizing dark states in the 2 D 3/2 level by modulating the repumping-laser polarization. In this system, as in every other except the J i ϭ1↔J f ϭ0 system, it is sufficient to use a field having only two polarization components with different time dependences. Perhaps the simplest method of achieving this is to pass a single laser beam through an electro-optic modulator ͑EOM͒ acting as a variable waveplate to produce the field
where we have again defined the quantization axis to be parallel to the propagation direction of the beam. The retardation (t) is similar to that of Eq. ͑4.8͒, ͑t ͒ϭ 1 2 ⌽͓1Ϫcos͑␦ EOM t ͔͒, ͑4.11͒
with ␦ EOM being the EOM drive frequency. The thick curve in Fig. 9 shows the time-averaged excited-state population when the polarization of the repumping laser is modulated in this way. We see that the excited-state population is reduced for certain values of ␦ EOM . This is because the Fourier transform of the field of Eq. ͑4.10͒, like that of Eq. ͑4.7͒, contains harmonics of ␦ EOM up to harmonic number ϳ2/⌽ when the modulation index exceeds one ͑so that the effective darkstate evolution rate in this high-modulation-index regime is ␦ϳ⌽␦ EOM ). The excited-state population will be reduced when one of these sidebands connects the 2 D 3/2 and 2 S 1/2 states in Raman resonance. In this case, where the modulation index is ϳ1, two such dips are visible. The excited-state population does not vanish completely in these dips because the other frequency components present in the field still act to destabilize the dark state.
Another easily realized modulation scheme gives the ϩ and Ϫ polarization components different frequencies. The beam can be split into right-and left-hand circular polarization components separately shifted in frequency with two AOM's, to create the field
Although it is not necessary that ␦ AOMϩ ϭϪ␦ AOMϪ , this symmetrical modulation most effectively destabilizes the dark state. The dashed curve in Fig. 9 shows the excited-state population for this type of modulation. The result is similar to the magnetic field and EOM methods, except that there is only a single dark resonance, at ␦ AOM ϭϪ⌬ DP .
The similarity of the three curves in Fig. 9 means that the discussion in the previous section of optimum parameter values for the magnetic-field method applies also to the polarization-modulation case, with the appropriate dark-state evolution rate (⌽␦ EOM or ␦ AOM ͒ replacing ␦ B .
Nonzero laser bandwidth
In this section, we consider what happens when the shortterm linewidth ␦ L of either laser is larger than the decay rate ␥. This situation can be incorporated into the simulation by selectively increasing the decay rate of the optical coherences on the relevant transitions. The dark superpositions of 2 S 1/2 and 2 D 3/2 states are then unstable, so that the depth of the dark resonances is reduced, which in turn simplifies the destabilization problem. This point is of some practical importance because the repumping transition in 88 Sr ϩ is often driven with a multimode fiber laser, whose linewidth is many times ␥. We find in this case that the line shapes of both transitions remain symmetric and structureless as long as ⍀ DP Ӷ␦ L ͑where here ⍀ DP is the Rabi frequency for a single-mode repumping laser of the same intensity͒. The intensity of the broadband repumping laser intensity should then simply be increased, subject to this limit, to maximize the excited state population. The rate at which the atom is pumped into the 2 D 3/2 dark states is then determined by the intensity of the cooling laser, and so the other parameters should be set as discussed above: the magnetic field or polarization modulation frequency should make the state evolution rate ␦ less than the linewidth ␥ and comparable to the cooling transition Rabi frequency ⍀ SP .
The multimode nature of the fiber laser also makes possible a particularly convenient form of polarization modulation on the 2 D 3/2 ↔ 2 P 1/2 transition ͓41͔. A superposition of two fiber laser beams having different polarization vectors produces a field whose direction changes on the time scale corresponding to the laser mode spacing. This interval can be comparable to ␥, with the result that the simple two-beam arrangement can effectively destabilize the 2 D 3/2 dark states ͑see Fig. 9͒ without magnetic fields or modulators.
C. Large-angular-momentum systems
The responses of the J i ϭ1↔J f ϭ0 and 2 S 1/2 ↔ 2 P 1/2 ↔ 2 D 3/2 systems to the destabilization techniques discussed above are strikingly similar. This observation leads us in this section to consider atoms with higher angular momentum, to demonstrate that the behavior seen in those systems is for the most part quite general. For reasons of computational simplicity, we consider only the destabilization of dark states with a magnetic field, noting that we have seen in the previous sections that the response to polarization modulation is expected to be similar. We consider here a two-level atom with an S J i ground state and a P J f excited state. We assume the nuclear spin is zero and vary the electronic spin S to increase the total angular momentum, so these generic atoms have no hyperfine structure. Figure 10 shows the numerically calculated total population P f of the P J f levels as a function of magnetic field, with linear laser polarization and polarization angle BE ϭarccos1/ͱ3. The laser is tuned to resonance, and its intensity gives an rms Rabi frequency ⍀ϭ(ͱ3/5)␥, as in Fig. 1 . The graphs in this figure all show that the excited-state population is large when ␦ B ϳ⍀/4. In graph ͑a͒ of Fig. 10 , the excited-state populations do not vanish when ␦ B approaches zero, since the half-integer J i ↔J f transitions have no dark state. However, in these transitions the excited-state populations can still be increased by applying a magnetic field, especially when J is large. Curves ͑b͒-͑d͒ display two simple scaling laws: the excited-state population falls off like 1/B 2 when ␦ B ӷ␥ because the atomic transition becomes Zeeman broadened, and it grows as B 2 in the regime ␦ B Ӷ␥ as the pumping out of the dark state͑s͒ becomes more efficient. These three curves also show that as J increases, the region in which the excited-state population is large expands to include smaller values of ␦ B . This is because increasing the number of states in the system increases the time needed for optical pumping into a dark state, and so the dark-state evolution rate ␦ can be smaller. Similarly, had the laser been detuned from resonance, then the excited-state population would be relatively constant over a range that includes smaller values of ␦, because the atom would pump into the dark states less rapidly. We find that the calculations resulting in Fig. 2 for the width and excited-state population in the J i ϭ1↔J f ϭ0 transition give very similar results ͑not shown here͒ for these other two-level transitions.
In real atoms, large values of the total angular momentum are usually due to the presence of nuclear spin. In this case the g factors of the atomic levels involved will be different than those used in Fig. 10 , which mostly results in a simple shift along the x axis of the appropriate curve. More importantly, when the nuclear spin is not zero, the atom can be optically pumped into hyperfine levels that do not absorb FIG. 10 . Excited-state populations as a function of magnetic field for J i ↔J i Ϫ1 and J i ↔J i Ϫ1 transitions. In all cases, the rms Rabi frequency is ⍀ϭ(ͱ3/5)␥, the polarization angle BE ϭarccos1/ͱ3, and the laser detuning ⌬ϭ0.
light from the laser field. This leads to situations that are similar to those shown in Fig. 3 , with a repumping mechanism being needed to return the atom to the light state. There are several ways of accomplishing this. Corresponding to Fig. 3͑a͒ , an rf or microwave field can drive transitions between the ground-state hyperfine levels, or a second laser field can pump the atom out of the extra ground-state hyperfine level through an auxiliary excited state. Corresponding to Fig. 3͑b͒ , a repumping-laser field can couple the dark state to the same excited states as the main laser. For all of these cases, the conclusions are the same as in the previous sections: the rate at which the atom is pumped out of the dark hyperfine level must be as large as possible without exaggerating coherence effects such as dark resonances. This means that the polarization of the radiation driving the transition out of the hyperfine states must be such that these hyperfine states do not have a stationary dark state, and that the intensity of this radiation must be great enough to drive the transition strongly. If these conditions are not met then the width of the primary transition will be broadened and the maximum scattering rate will be reduced.
It it also useful to consider the opposite limit in which optical pumping into dark hyperfine states has little effect on the scattering process because the decay rate into these states is sufficiently slow. In this case, it may be possible to detect the scattered photons with a time resolution that is much smaller than the decay time to the dark hyperfine level. The dark periods following decay into the dark state can then be selectively neglected, with the result that the lineshape of the strong transition will not be broadened, in contrast to the situation discussed in Sec. IV A 1, where only the average scattering rate was detected. Another consequence of weak coupling to a dark hyperfine state is that the Doppler-cooled atom may be able to reach equilibrium long before it decays into the dark state ͓16͔. The ultimate temperature of the atom will then be the same as if the atom had only two levels ͑as long as the atom is not heated while it is in the dark state͒.
V. DISCUSSION AND CONCLUSION
In this paper, we have discussed how the accumulation of atomic population in dark states can be prevented by either applying a static magnetic field or by modulating the polarization of the driving laser. We have also considered the effect of these destabilization techniques on transition line shapes. The magnetic-field technique is simple, but the more complex polarization-modulation method has the important advantage of leaving the atomic energy levels unperturbed. Several different atomic systems were analyzed, and their responses to both techniques were found to be quite similar ͑compare Figs. 5, 9, and 10͒. This universal behavior arises because the evolution is always governed by the same fundamental parameters: the state evolution rate ␦ ͑given by the Zeeman shift, the AOM splitting, or the highest sideband frequency for the case of phase modulation͒, the Rabi frequency ⍀, and the excited-state decay rate ␥.
For a given laser intensity, the excited-state population and the scattering rate are maximized by making ␦ comparable to ⍀ ͑typically ␦ϳ⍀/2). The excited-state population will be small if ⍀ӷ␦ because the atom is then able to follow the evolving dark state adiabatically, and it will be small if ⍀Ӷ␦, either because the laser intensity is low (⍀Ͻ␥) or because the atom and the laser are detuned (␦Ͼ␥). If the transition linewidth is not important, then the scattering rate can be maximized by making ⍀ ͑and ␦) larger than ␥, so that the transition is saturated. If the linewidth is important ͑e.g., in laser-cooling applications͒, then the choice ⍀ϳ␥/3 gives substantial excited-state population without excessive broadening. The two regimes that give small excited-state population (⍀ӷ␥ and ⍀Ӷ␥) also result in broad lineshapes. Fortunately, the evolution rate that optimizes the excited-state population also minimizes the linewidth. If the system has more than two levels, then these rules apply to the extra transitions if they too are to remain narrow. However, often only one transition ͑for example, a lasercooling transition͒ must be narrow. In this case the extra transition should be driven as hard as possible if the system cannot form dark resonances. If the system can form dark superposition states ͑e.g., the 2 S 1/2 ↔ 2 P 1/2 ↔ 2 D 3/2 system͒, then the intensities of the lasers should give Rabi frequencies such that ⍀Ͻ␥/2, to keep the dark resonances narrow. In addition, because the dark resonances occur when lasers are equally detuned from resonance, the laser frequencies can be set to keep them away from any region of interest.
